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ABSTRACT 

A semi-exact solution of the Arrhenius temperature integral is the basis for a new method to determine the 
effective activation energy Ea and frequency factor A for a first-order thermal decomposition process from the 
maximum mass loss rate m′max and the temperature at maximum mass loss rate Tp recorded during a single 
thermogravimetric analysis experiment at constant heating rate. Results for kinetic parameters determined by 
the single-point (m′max, Tp) method are compared to kinetic parameters determined by other non-isothermal 
analysis methods. 
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INTRODUCTION 

The limitations of nonisothermal methods of thermal analysis include the choice of a particular reaction order 
for the kinetic analysis, the error associated with predicting rates outside the experimental range of heating 
rates, and the inability to derive mechanistic information [1]. However, for an inherently nonisothermal 
process such as fuel generation by a thermally decomposing polymer at a burning surface a simple kinetic 
model usually suffices for use in fire models [2]. Detailed mechanistic information may not be required for 
fire models because it is the rate of heat generation due to combustion of the chemical species, the 
completeness of this process, and the temperatures over which fuel generation occurs, not the chemical species 
themselves that are of primary interest [3]. 

APPROACH 

The fuel generation rate of a material element in a burning solid is assumed to be equal to the change in mass 
m of the element per unit time t. For a first order thermal decomposition process with rate constant k and 
equilibrium char or inert mass mc the mass loss rate is 

)( cmmk
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A more convenient form of Eq. 2 for thermal analysis is obtained when the instantaneous mass is referenced to 
the initial sample mass, m(0) = m0. Defining an instantaneous mass fraction x(t) = x = m(t)/m0 and an 
equilibrium mass fraction, x(∞) = μ = mc/m0 
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If k is of the Arrhenius form, k = Aexp[-Ea/RT], Eq. 2 provides the relationship between the frequency factor 
A, activation energy Ea, universal gas constant R and the residual mass fraction at temperature T 
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Equation 3 is the basis for the instantaneous rate method (IRM) by which A and Ea are determined from the 
intercept and slope of a plot of ln[x′/(x-μ)] versus 1/T in an isothermal or temperature scanning (non-
isothermal) experiment. A second method of kinetic analysis follows from the integrated form of Eq. 2 
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A constant heating rate β = dT/dt transforms the independent variable from time to temperature in Eq. 4, in 
which case the indefinite Arrhenius temperature interval has a semi-exact form for Ea >> RT [4] 
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The solution of Eq. 2 for the mass fraction x(T) at temperature T in a temperature scanning experiment at 
constant heating rate for a first-order reaction is therefore 

yeTx −−+= )1()( μμ  (6) 

Differentiating Eq. 6 with respect to time at constant heating rate gives the specific mass loss rate x′(T) at 
temperature T 
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dxTx −−=−=′ )1()( μ  (7) 

Setting the time derivative of Eq. 7 (second derivative of x with respect to time) equal to zero shows that the 
Arrhenius rate constant k has a particular value at the temperature of maximum pyrolysis rate, Tp [3] 
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The temperature at maximum pyrolysis rate Tp at heating rate β is obtained from A and Ea as the root λ = 
Ea/RTp of Eq. 8 written in the form 
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Substituting k(Tp) into Eq. 7 gives the maximum fractional mass loss rate in a constant heating rate 
experiment, 
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The exponent γ in Eq. 10 is approximately equal to unity for typical polymer thermal decomposition 
parameters, Ea >> 2RTp 
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Rearranging Eq. 10 gives Ea in terms of the quantities maxx′ , μ and Tp measured in a single thermogravimetric 
analysis (TGA) experiment at heating rate β 
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If the constant heating rate thermal analysis experiment is conducted in a microscale combustion calorimeter 
[5] in which the anaerobic pyrolysis gases have heat of combustion hc (J/g-gas) and are completely combusted 
in a separate oxidative process, the maximum heat release rate per unit initial mass of sample is Q′(Tp) = Q′max 
= hc x′max. The total heat of combustion of the pyrolysis gases per unit initial mass of sample is Q(T∞) = Q∞ = 
hc(1-μ), and the equation for Ea in terms of the quantities measured in a microscale combustion calorimeter 
(MCC) is: 
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The frequency factor is obtained from Eqs. 8 and 10 in terms of these same quantities 
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Equations 11, 12 and 13, 14 are the basis of the single-point method (SPM) for determining Arrhenius kinetic 
parameters from a single point ( maxx′ , Tp) in TGA, or (Q′max, Tp) in MCC, at constant heating rate β in which μ 
or Q∞ is measured after the test. 

Equations similar to Eqs. 11-14 have been proposed [6,7] for determining the Arrhenius kinetic parameters for 
a reaction of arbitrary order n.  In this method, which the authors refer to as the peak property method (PPM), 
the effective kinetic parameters Ea, A and n are determined by an iterative procedure that requires numerical 
evaluation of the Arrhenius integral in Eq. 5 between the limits T0 and Tp for each increment of Ea, A and n 
until satisfactory agreement between the experiment and the analytic result for an n-th order reaction is 
obtained. The PPM is cumbersome because it neglects the semi-exact solution for the Arrhenius integral (last 
term in Eq. 5) and requires additional equations to determine the reaction order. 

The advantage of the single-point, peak property, and instantaneous rate methods is the convenience of 
determining both kinetic parameters A and Ea from a single experiment. The disadvantage of these methods is 
that the kinetic parameters are measured at a single heating rate, rather that averaged over multiple heating 
rates as per the Kissenger method [8], so β should be in the range of interest. 

The collection of terms R 2
pT /Ea appearing in Eqs. 8–12 has physical significance as the characteristic 

temperature interval for pyrolysis. This can be shown by writing the conservation of energy for a lumped 
system of small mass m having heat capacity c at temperature T 

outin qq
dt
dTmc −=   (Watts) (15) 

The left hand side of Eq. 15 is the rate of internal energy change of the sample resulting from the difference 
between the heat flow into and out of the sample during pyrolysis on the right hand side.  For a temperature 
interval T-Ti over which heat is transferred into the sample by convection during pyrolysis qin = hS(T-Ti) , 
where h and S are the overall heat transfer coefficient and surface area of the sample. The heat loss from the 
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sample due to thermal decomposition and vaporization of the pyrolysis products having heat hdec (J/g) is qout = 
mhdecAexp[-Ea/RT]. If dT/dt = 0 during pyrolysis for T > Ti then qin = qout and 
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For small changes in qin and qout at temperatures in the vicinity of Ti Eq. 16 can be differentiated with respect 
to T 
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Dividing Eq. 17 by Eq. 16, for T = Tp 
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Equation 18 shows that R 2
pT /Ea is the characteristic temperature interval of the pyrolysis reaction for a finite 

starting mass m having heat of decomposition hdec in a constant heating rate thermal analysis experiment. This 
same reasoning and result applies if hdec is a heat of melting or heat of chemical reaction measured in a 
differential scanning calorimeter. The significance of Eq. 18 with regard to fire behavior derives from 
empirical data [9] that show that the ignition temperature Tign is a couple of pyrolysis intervals lower than Ti so 
approximately, 

    
Tign ≈ Tp −

eRTp
2

Ea

 (19) 

EXPERIMENTAL 

Materials 

Samples of polymethylmethacrylate (PMMA), high impact polystyrene (HIPS), poly(hexamethylene 
adipamide) (PA66), polycarbonate of bisphenol-A (PC) and polyetherimide (PEI) were obtained from 
commercial sources as unmodified/natural resins and were tested as received. Gases were high purity 
(99.99 %) analytical grades obtained from Welco/CGI. 

Thermal Analysis Methods 

Mass loss rate in a temperature scanning experiment (nonisothermal conditions) was measured on a 
thermogravimetric analyzer (Mettler Toledo TGA/SDTA 851) under nitrogen at a flow rate of 20 cm3/min at 
heating rates β = 3, 10, 30 and 60 K/min. 

Numerical Methods 

A one-dimensional pyrolysis model (ThermaKin) with chemical kinetics, heat and mass transfer, and in-depth 
absorption of radiant energy [10] was used to estimate the effective heating rate at the surface of a burning 
polymer in a standard fire calorimeter test [11]. 

RESULTS 

Heating Rates at the Surface of Burning Polymers 

Numerical evaluation of the heating rate at the surface during steady burning was performed using ThermaKin 
for a typical polymer [12] having kinetic parameters A = 1.9 × 1018 s-1, Ea = 295 kJ/mol, thermal conductivity 
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κ = 0.24 W/m·K, density ρ = 1100 kg/m3, heat of decomposition hdec = 0.835 MJ/kg [13] and total heat of 
gasification hg = hdec + c(Tp-Ti) = 2.30 MJ/kg over a range of external heat fluxes extq ′′ .  The heating rate at the 
surface was also calculated using the analytic solution [3] for a steadily-burning, semi-infinite slab of polymer 
having the same thermal and kinetic properties as were used in the ThermaKin calculation, with Tp calculated 
from the kinetic parameters and ThermaKin heating rate using Eq. 9. 
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The ThermaKin results in Table 1 are in general agreement with the analytic (Eq. 20) results as well as 
experimental data β = 3.0 ±0.5 K/s measured at the surface of PMMA during steady burning in a fire 
calorimeter at an external heat flux of 70 kW/m2 [14].  Consequently, kinetic parameters obtained from 
thermal analyses at heating rates on the order of 1 K/s are directly applicable to fire models. 

 
Table 1. Heating rates at a typical burning polymer surface. 

Heating rate (K/s) External heat flux 
(kW/m2) ThermaKin Eq. 20 

25 N/A N/A 
50 1.4 0.8 
75 3.0 2.8 

100 5.0 5.8 
 

Comparison of Kinetic Models 

Figure 1 is a graphical comparison of the specific mass loss rate calculated by Eq. 7 for μ = 0 with y obtained 
by numerical integration of the Arrhenius integral and the semi-exact solution (analytic result in Eq. 5) for a 
TGA experiment beginning at T = 300 K (25 °C) at a constant heating rate β = 10 K/min (0.167 K/s) for a 
material having A = 2 × 1020 s-1 and Ea = 301 kJ/mol. It is clear that the numerical and analytic solutions for y 
in Eq. 5 are indistinguishable when used in Eq. 7, so that Ea and A may be reliably obtained from the analytic 
solution after suitable manipulation (i.e., Eqs. 11 and 13). 

Figure 2 shows TGA data for high impact polystyrene (HIPS) at β = 10 K/min and the first-order analytic 
approximation (Eq. 7) for A = 2 × 1020 s-1 and Ea = 301 kJ/mol determined by the single-point method (Eqs. 11 
and 13) and μ = 0.03 measured after the test. 

Table 2 contains kinetic parameters for PEI, PC, HIPS, PA66 and PMMA obtained by the single-point method 
(Eqs. 11 and 13), by the instantaneous rate method (Eq. 3) and by the Kissinger method [8]. Single point and 
instantaneous rate kinetic parameters are the average of individual values obtained at β = 3, 10, 30 and 
60 K/min. 
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Fig. 1. Comparison of numerical solution of the Arrhenius temperature integral to the semi-exact/analytic 

approximation for a material with A = 2 × 1020 s-1, Ea = 301 kJ/mol and μ = 0 in a constant heating rate TGA 
experiment. 

 

 
Fig. 2. TGA data in nitrogen for HIPS at β = 10 K/min compared to first-order analytic prediction using single 

point parameters Ea = 301 kJ/mol and A = 2 × 1020 s-1 obtained from TGA data Using Eqs. 11 and 13, 
respectively. 
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Table 2. First-order kinetic parameters obtained by three methods. 

  Instantaneous rate
(β average) 

Single point 
(β average) 

Kissenger 

Polymer μ Ea 
(kJ/mol) 

ln A 
(s-1) 

Ea 
(kJ/mol) 

ln A 
(s-1) 

Ea 
(kJ/mol) 

ln A 
(s-1) 

PMMA 0.00 223 36.33 213 34.88 237 39.48 
HIPS 0.03 314 48.45 302 46.93 245 36.93 
PA66 0.03 232 33.80 242 35.57 178 29.72 
PC 0.24 397 55.12 428 60.13 254 33.74 
PEI 0.54 418 56.43 370 50.09 234 29.72 

 
Figure 3 is a plot of the TGA data for PMMA at β = 3, 10, 30 and 60 K/min (open circles) and the first order 
approximation using A and Ea determined for each heating rate by the instantaneous rate method (solid lines). 

 

 
Fig. 3. TGA data for PMMA (open circles) and first-order approximation for A and Ea determined by the 

instantaneous rate method at each heating rate (solid lines). 

Figure 4 is a plot of the TGA data for PMMA at β = 3, 10, 30 and 60 K/min and the first-order approximation 
with μ = 0 using A and Ea determined for each heating rate by the single point method. 

Figure 5 is a plot of the TGA data for PMMA at β = 3, 10, 30 and 60 K/min and the first-order approximation 
with μ = 0 using A and Ea determined as average values over the range of heating rates by the Kissenger 
method [8]. 

Figure 6 is a plot of the TGA data for polycarbonate (PC) at β = 3, 10, 30 and 60 K/min and the first-order 
approximation with μ = 0.24 using A and Ea determined for each heating rate by the instantaneous rate 
method. 

Figure 7 is a plot of the TGA data for polycarbonate (PC) at β = 3, 10, 30 and 60 K/min and the first-order 
approximation with μ = 0.24 using A and Ea determined for each heating rate by the single point method. 

Figure 8 is a plot of the TGA data for polycarbonate(PC) at β = 3, 10, 30 and 60 K/min and the first-order 
approximation with μ = 0.24 using A and Ea determined as average values over the range of heating rates 
according to the Kissenger method [8]. 
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Fig. 4. TGA data for PMMA (open circles) and first-order approximation for A and Ea determined by the 
single point method at each heating rate (solid lines). 

 

 
Fig. 5. TGA data for PMMA (open circles) and first-order approximation for A and Ea determined by the 

Kissenger method (solid lines). 
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Fig. 6. TGA data for PC (open circles) and first-order approximation for A and Ea determined by the 

instantaneous rate method (solid lines). 

 

 
Fig. 7. TGA data for PC (open circles) and first-order approximation for A and Ea determined by the single 

point method at each individual heating rate (solid lines). 
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Fig. 8. TGA data for PC (open circles) and first-order approximation using A and Ea determined by the 

Kissenger method (solid lines) in Table 1. 

It is clear from Figs. 3 through 8 that kinetic parameters determined at the heating rate of interest using the 
instantaneous rate or single point methods provide a better approximation to the experimental data in a first-
order model than the kinetic parameters determined as average values over multiple heating rates (Kissenger 
method). The reason for the poor first-order approximation for PC using the Kissenger method parameters 
derives from the fact that the thermal decomposition process is not first-order as is evident from the 
instantaneous rate data in Fig. 9, which contains the plots of ln(k) on the left hand ordinate versus 1/T on the 
upper abscissa as well as the original data (lower right ordinate/abscissa) for each of the heating rates in this 
study. The upper and lower abscissas are coincident with respect to temperature to show the portion of the 
mass loss rate curve associated with each set of kinetic parameters. It is seen that the ln(k) vs. 1/T data is linear 
over a large portion of the fractional mass loss rate and that the slopes (Ea/R) are the same for all heating rates 
but the intercepts of these plots ln(A) are different for each heating rate. 

Figure 10 shows TGA data for HIPS in an instantaneous rate plot as per Fig. 9. In contrast to Fig. 9 however, 
Fig. 10 shows that both the slopes and intercepts of the ln(k) versus 1/T plots are the same for the different 
heating rates, which implies that the HIPS thermal decomposition reaction is adequately described by first-
order kinetics and this is the reason that the Arrhenius parameters in Table 2 are relatively consistent for HIPS 
as well as for PMMA and PA66 for the three methods. 
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Fig. 9. Instantaneous rate plot (upper left) and original TGA data (lower right) for the char-forming 

polycarbonate (PC). 

CONCLUSIONS 

It is shown that the heating rates used in thermal analysis methods (TGA, MCC) are comparable to the heating 
rates at burning surfaces of polymers in fires and simple non-isothermal methods for determining kinetic 
parameters from a single thermogravimetric analysis experiment are presented. These methods, which are 
described as instantaneous rate and single-point, yield kinetic parameters that generally reproduce the 
fractional mass loss rate versus temperature data for polymers that thermally degrade in one or more steps via 
first-order processes. As with other nonisothermal analysis methods, the instantaneous rate and single-point 
methods are most reliable at the heating rate of interest, and for this reason do a better job of reproducing TGA 
data for consecutive or sequential reactions at individual heating rates than do nonisothermal methods that use 
multiple heating rates to provide an average A and Ea. 
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Fig. 10. Instantaneous rate plot (upper left) and original TGA data (lower right) for HIPS. 
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